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Gr\"obner Shirayanagi [Shi93, Shi96] .
Gr\"obner $Stetter[Ste97]$ , Fortuna,Gianni,Trager $[FGT01]$
Traverso,Zanoni [TZ02], Traverso $[Ba02]$ . Weispfenning [Wei03]. Kondratyev,Stetter,Winkler [KSW04].
Stetter [Ste05] . [Ste97] Stetter
“ Gr\"obner ’| Gr\"obner [KSW04]
. [FGTOI] Sylvester . Traverso
Zanoni $\epsilon^{2}=0$ $\epsilon$ . $\epsilon$
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$P$ $\Vert P\Vert$ . $P$ $ht(P),$ $hc(P)$ ,
$rt(P)$ Spo1$(P, Q),$ Mr\’e(P, $Q$), $Parrow^{Q}P’,$ $Parrow^{\Gamma}P’$ .
Gr\"obner
. $P_{1},$ $P_{2}$ $\deg(P_{1})\geq\deg(P_{2})$
1 $|hc(P_{1})|/\Vert P_{1}||\gg|hc(P_{2})|/||P_{2}||$ $P_{3}=rem(P_{1}, P_{2})$
$P_{4}=rem(P_{2}, P_{3})$ . P $P_{3}\approx constxrt(P_{2})$
$P_{4}$ $P_{2}$ ( ) $P_{3}$




1 $\{P_{1}, P_{2}, P_{\theta}\}$ Gr\"obner ( )
$\{\begin{array}{ll}P_{1} = x^{3}/10.0+3.0x^{2}y+1.0y^{2},P_{2} = 1.0x^{2}y^{2}-3.0xy^{2}-1.0xy,P_{3} = y^{3}/10.0+2.0x^{2}.\end{array}$ (2.1)
Spo1$(P_{2}, P_{3})arrow^{\wedge}arrow^{\hslash}arrow^{h}arrow^{P_{1}}P_{4}$ ( ) $P_{2}arrow^{P_{4}}arrow^{\wedge}arrow^{P_{1}}arrow^{P_{4}}P_{2}’$ ( ) Spo1$(P_{\theta}, P_{2}’)arrow^{P,}$
$arrow^{P_{1}}arrow^{P_{4}}arrow^{P_{2}’}arrow^{h}P_{5}$ ($O(10^{\mathfrak{g}})$ ) $P_{4}arrow^{\hslash}arrow^{P_{*}’}arrow^{Pa}arrow^{P_{l}}P_{4}’$ ($O(10^{2})$ ) $P_{2}’arrow^{P_{4}}arrow^{P_{l}}arrow^{\wedge}$
$arrow^{P_{4}}P_{2}’’$ ( ). Gr\"obner ( ) $\{P_{2}’’’ P_{4}’, P_{b}\}$
$P_{2}’=clone(P_{4})$










$\epsilon_{M}$ $T$ 1 $c_{1},c_{2},cs$
$c_{1}T,c_{2}T,c_{3}T$ . $C:(i=1,2,3)$ $|\epsilon:|/|c_{1}|=O(\epsilon_{M})$ $0<c_{2}\ll c_{1}=-cs$
$c_{1}T,$ $c_{2}T,$ $c_{\theta}T$
( $c$ ).
$c:=c_{1}\Rightarrow c:=c+c_{2}\Rightarrow c:=c+c_{3}$ . (3.2)
$c_{1}$ $cs$
2 $c_{1}$ $c_{2}$ “ ” 3 $c_{1}$ $c_{3}$
$O([c_{1}/c_{2}]\epsilon_{M})$ $c_{2}$ .
. $c_{2}T$
( $d$ $c_{2}$ )
$c:=c_{1}\Rightarrow d:=c_{2}\Rightarrow c:=0=c+c_{3}\Rightarrow c:=d=c+d$. (3.3)






$P_{3}$ $= \prod^{\theta}sy^{2}+x^{2}y^{2}-x^{2}y+2xy^{2}$ $/*$ is a small $\#$
$P_{4}$ $=Spo1(P_{1}, P_{3})=DsP_{1}-xP_{3}$ $/*P_{4}=clone(P_{3})$
$=-x^{\theta}y^{2}+x^{3}y+$
$P_{6}$ $=Spo1(P_{2}, P_{3})=DsP_{2}-yP_{3}$ $/*P_{5}=clone(P_{3})$
$=-X^{2}y^{3}+\varpi^{3}$
$P_{6}$ $=Spo1(P_{4}, P_{6})=yP_{4}-xP_{8}$ $/*self$-reduction
$(=ey^{2}P_{1}-xyP_{3}-ex^{2}P_{2}+xyP_{\theta})$$=$$P_{4}=Spo1(P_{1}, P_{3})$ $P_{5}=Spo1(P_{2},P_{3})$ Spo1($P_{4}$ , Ps)
$\circ$






(effxtive floating-point number) 1997
. GAL $E[f, e]$ , “ ’
“ lle
$\# E|f_{a},e_{a}]+\# E[f_{b}, e_{b}]$ $\Rightarrow$ $\# E[f_{a}+f_{b}, \max\{e_{a},e_{b}\}]$ ,
$\# E[f_{a},e_{a}]-\# E[f_{b},e_{b}]$ $\Rightarrow$ $\# B[f_{a}-f_{b}, \max\{e_{a}, e_{b}\}]$,
(3.4)
$\# E[f_{a},e_{a}]\cross\# E[f_{b},e_{b}]$ $\Rightarrow$ $\# E[f_{a}xf_{b}, \max\{|f_{b}e_{a}|, |f_{a}e_{b}|\}]$ ,
$\# E[f_{a},e_{a}]\div\# B[f_{b}, e_{b}]$ $\Rightarrow$ $\# E[f_{a}\div f_{b}, mu\{|e_{a}/f_{b}|, |f_{a}e_{b}/f_{b}^{2}|\}]$ .
.
GAL $|f|<e$ $0$ . $e$
5 . 2








( $ht(P_{j})=qT_{i}(i=1,2)$ Mred$(P_{1},$ $P_{2})$ 2 $|T_{1}$ )
SPo1 $(P_{1}, P_{2})$ $=$ $c_{2} \frac{LCM}{T_{1}}P_{1}-c_{1}\frac{LCM}{T_{2}}P_{2}$ , LCM $=1cm(T_{1},T_{2})$ , (4.5)




$\#0$ . $\#0$ 1/10





( [SK07] Gr\"obner ).
( )
$\# E[f, e]$ $\# E[f’,e’]$ $|f/e|\div|f’/e’|$
$e=e’$ $|f/f’|$ .
$\epsilon_{InIt}$ $F$ $\# E[fi,e_{1}],$ $\# E[f_{2},e_{2}],$ $\cdots$ , $\# B[f_{m},e_{m}]$ .
$F$
$\max\{e_{1},\epsilon_{2}, \cdots,e_{m}\}=\epsilon_{Init}$. (4.7)
$F_{i}$ $\Vert F_{1}\Vert=1$ . $F$ (




| $|<\eta$ \delta [i] . $K$ .
$\eta$
$K$ $\eta$ $K$ .
5
GAL Gr\"obner . GAL
$S$ $M$
( )
. $K=30,$ $\eta=0.1$ .
: 3
4 4 3 . GAL
$\# E$[$1.0$, l.Oe-15] 1 .
3 1 $(K=30)$
$\{\begin{array}{ll}P_{1} = \# E[0.03333, 3.3\ - 17] x^{3}+x^{2}y+\# E[0.3333, 3.3\ - 16] y^{2},P_{2} = \# E[0.3333,3.33e-1\epsilon]x^{2}y^{2}-xy^{2}-\# E[0.3333,3.33e-16]xy,P_{3} = \# E[0.05,5.oe_{-}17]y^{\theta}+x^{2}.\end{array}$
$hc(P_{3})$ $hc(P_{1})$ $s[1]$ , $s[2]$ ( ).
$P_{3}$ $=$ $y^{3}(\#0^{2}\#\epsilon[1])+x^{2}$ ,
$P_{1}$ $=$ $x^{3}(\#0^{2}\# s[2])+x^{2}y+\# E[0.3333,3.33e-16]y^{2}$.
146
$P_{6}$ $=$ $x^{2}$ ( $-\# E[0.003921,3.13e-17]\#0^{10}\# e[2]^{5}+\cdots$ (up to $\#0^{24})$ )
$+$ $xy$ ( $-\# E[0.1058,5.29e-16]\#0^{10}\# s[2]^{4}\# s[1]+\cdots$ (up to $\#0^{24})$ )
$+$ $y^{2}$ ( $-\# E[0.01176,1.oe_{-15}]\#0^{10}\# s[2]^{4}\# s[1]+\cdots$ (up to $\#0^{24}$ )),
$P_{4}’$ $=$ $xy$ ($+\# E[0.1072,5.29e-16]\#0^{12}\# s[2]^{6}\# s[1]+\cdots$ (up to $\#0^{30})$ )
$+$ $y^{2}$ ($+\# E[0.01206,1.oe_{-15}]\#0^{12}\# s[2]^{b}\# s[1]+\cdots$ (up to $\#0^{30}$)),
$P_{2}’’$ $=$ $y^{2}$ ( $-\# E[0.000001838,1.0e-15]\#0^{14}\# s[2]^{5}\# s[1]^{2}+\cdots$ (up to $\#0^{30}$)).
$P_{6},$ $P_{4}’$
’
$P_{2}’’$ $0^{8}\#\epsilon[2]^{4},$ $\#0^{10}\#\epsilon[2]^{f},$ $\#0^{10}\# s[2]^{6}$ .
$10^{8},10^{10},10^{10}$ .
$\# s[1]$ $s[2]$ 1 .
$P_{2}’’$ $=$ $y^{2}$ ,
$P_{4}’$ $=xy+\# E\ovalbox{\tt\small REJECT} 8,9.84e-15$] $y^{2}$ ,
$P_{S}$ $=x^{2}+\# E7.1+l\sim \mathfrak{h}l7W27,3.69e-14$] $xy$
$+\# E771\ovalbox{\tt\small REJECT} 1924,6.97e-14]y^{2}$ .
( $P_{4}’$ 3 518 522 ).
$K=25$ 4\sim 5 . 0.0333 $\cdots$
$005$ ( 2
) . $\theta$
4 $\Gamma_{0}=$ { $P_{1},$ $P_{2}$ , P } Gr\"obner .




$P_{1}$ $P_{2}$ \epsilon [1] .
$P_{1}$ $=$ $x^{3}(\#0^{2}\# s|1])+x^{2}y+y^{2}$ ,
$P_{3}$ $=$ $xy^{2}+y^{3}(\#0^{2}\# s[1])+x^{2}$ .
SPo1$(P_{3}, P_{1})$
$P_{4}$ $=$ $y^{6}(\#0^{4}\# s[1]^{2}-\#0^{8}\#\epsilon[1]^{4})+x^{4}(-\#0^{2}\#\epsilon[1])$
$+$ $x^{3}y(-1+\#0^{4}\#\epsilon[1]^{2})+x^{2}y^{2}(\#0^{2}\# s[1]-\#0^{6}\# s[1]^{3})+y^{4}$ .
($K=25$ ).
$P_{6}$ $=$ $y$ ,
$P_{6}’$ $=$ $x^{2}-\# E\ovalbox{\tt\small REJECT} 7,1.18e-18$] $y^{2}$





( 1/3 ) $P_{5}=a_{1}P_{1}+a_{2}P_{2}+a_{\theta}P_{3}$




$0$ ( [SK07] ) $Parrow^{\Gamma}\tilde{P}$ ,
$\Vert\overline{P}\Vert/||P||=\epsilon\ll 1$ $O(1/\epsilon)$
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